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Summary

In 1971 Cathcart proposed the use of an elliptical head for the femoral
endoprosthesis, based on his anatomical and clinical studies, which have
proved that the normal femoral head is elliptical and not spherical. It was
decided to use the an elliptical head of endoprosthesis because it im-
proves the lubrication of acetabular cartilage and better distributes the
loads.
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The numerical analysis of pressure, carrying capacity and compres-
sive stresses are presented in this paper. It is taken into account the syno-
vial unsymmetrical and stationary fluid flow in human elliptical hip joint.
The paper shows the particular Reynolds equation for pressure distribu-
tion in hydrodynamic lubrication problem for human elliptical hip joint.

INTRODUCTION

Let us review what was happened in the presented below references.
Dowson D. gives some basic biomechanics and biotribology of human
synovial joints and joint replacements in the papers [L. 4–5]. Mow V.C.
also presents the basic biomechanics of diarthrodinal human joints in the
papers [L. 6–7]. Pipino F. and Molfetta L. describe the clinical and radio-
graphic study of Cathcart elliptical orthocentric femoral prosthesis in the
papers [L. 8–9]. These kind of elliptical prosthesis were firstly used in
1971. Wierzcholski K. was presented the mathematical and numerical
model for working parameters in human hip joint for unsymmetrical and
stationary fluid flow in the paper [L. 10] (pressure, capacity – spherical
hip), for unsymmetrical and unstationary flow in the paper [L. 11] (pres-
sure – spherical hip) and unsymmetrical and stationary flow caused not
only by rotation but also by squeezing in the paper [L. 12] (pressure –
spherical hip). The Autor of described a problem of working parameters
in the human hip joint for stationary and unsymmetrical synovial fluid
flow in the papers [L. 2]  (pressure, capacity, stress – elliptical endopros-
thesis) and [L. 3]  (pressure, capacity, stress – elliptical hip hip joint, pa-
rameters: ω = 0,5 η = 0,25 for normal and ω = 0,4 η = 0,025 for patho-
logical) and also for symmetrical fluid flow in the paper [L. 1]  (pressure -
elliptical hip joint).

The new element of this paper in compare with papers [L. 1–3],
[L. 10–12] and also [L. 4–9] is the numerical analysis of pressure, capac-
ity force and stresses made for elliptical human hip joint.

The numerical analysis of pressure, carrying capacity and compres-
sive stresses shown for synovial fluid flow in elliptical hip joint are pre-
sented in this paper. It is taken into account the stationary, unsymmetrical
and isothermal flow of incompressible synovial fluid. Moreover only the
circumferential the rotational motion of femoral head causes the fluid
flow. In this model are considered the changeable gap height of hip joint
and changeable synovial fluid viscosity. The gap height changes only in
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the limits of lubrication. The rotary motion of the elliptical femoral head
it is possible only in the circumferential direction and also in the lubrica-
tion limits. It is neglected the roughness and irregularities occurring on
the surface of the hip head and acetabulum. Fluid density is constant. It is
taken the elliptical co-ordinates system (ϕ, r, ζ) – in circumference, radial
and meridional direction respectively (Fig. 1). The components of the
synovial fluid velocity vector v = [Vϕ, Vr, Vζ] are shown on Fig. 2 and
pressure localisation is presented on Fig. 3.

Fig. 1. Elliptical system
5\V��� 8NáDG HOLptyczny

Fig. 2. Components of vector v
5\V� �� :VSyáU]
GQH ZHNWora v

               Fig. 3. Pressure localisation
5\V� � /RNDOL]DFMD FL�QLenia

MATHEMATICAL  DESCRIPTION

For axially unsymmetrical and stationary synovial fluid flow, pressure
function depends on ϕ, ζ and dynamic viscosity ηp of synovial fluid de-
pends on ϕ, r and ζ. The gap height ε may be a function of variable ϕ and
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ζ. The elliptical surfaces in hip joint create a gap where is synovial fluid.
The only circumferential rotation of elliptical femoral head with angular
velocity ω causes a flow of synovial fluid in biobearing gap.

If we neglect the inertia and centrifugal forces, and then after layer
boundary simplifications in general equations, we obtain Reynolds equa-
tion for pressure function p(ϕ,ζ) in the elliptical co-ordinate system. This
equation has the following form:

×




 ζ

















 ζ+





 ζ+





ϕ∂

∂
η
ε

ϕ∂
∂

−

a
sin

a
sin

a

b

a
cosa

p
1

2
2

2
2

o

3

,
a

sina6
a

sin
p

a
sin

a

b

a
cos

a 22

1

2
2

2
2

o

3






 ζ

ϕ∂
ε∂ω=





















 ζ

ζ∂
∂

















 ζ+





 ζ

η
ε

ζ∂
∂×

− (1)

ba,
a

,
2

a

8

a
,1c0,c20 111 <ζ=ζπ<ζ<π<<π<ϕ< (2)

where the symbol ω means the angular velocity of femoral head in [1/s],
η0 – the characteristic synovial fluid viscosity in [Pa⋅s], a and b – the radii
of elliptical femoral head in [m], ε – the gap height in[m], p – the pres-
sure in [Pa].

A centre of elliptical femoral head is in the point O(0,0,0) and  centre
of elliptical cartilage is in the point O1(x-∆ε1, y-∆ε2, z+∆ε3)  for hydrody-
namic lubrication, which is caused only by head rotation.

On Fig. 3 is shown some location of pressure p(ϕ,ξ1) on the head of
hip joint with elliptical surface of lubrication Ω(ϕ,ξ) in [m2]. In calcula-
tions is taken the values of atmospheric pressure pat in [Pa]. Gap height
calculated for elliptical femoral head has finally the following form:
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where D means the eccentricity in [m] and r1 is dimensionless radial di-
rection in elliptical co-ordinate system and ε(ϕ,ξ1) is changeable height of
the gap in [m].

Total carrying capacity force Ctot in [N], area of lubrication S [cm2]
and compressive stress in [N/cm2] on elliptical femoral head of the hip
joint are obtained from formulae:
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S

Ctot≡σ (9)

where symbol ∫∫(…)dσ means the surface integral determined on the head
of hip joint surface and the symbol dσ denotes area element in the double
integral.

NUMERICAL ANALYSIS

In numerical analysis the symbols a, b mean the radii of elliptical head of
hip joint in [cm], ω – the real angular velocity of the head in [1/s], η – the
right values of synovial fluid viscosity in [Pa⋅s], pmax – the maximal cal-
culated value of pressure in [Pa], εmin – the minimum of the gap height in
[µm], Ctot – the calculated total value of capacity in [N],  S – the calcu-
lated surface region on femoral head in [cm2] and σ – the calculated val-
ues of compressive stresses in [N/cm2]. The symbols a, b, ω, η, εmin mean
the based parameters and Ctot, pmax, S, σ are calculated parameters.
Moreover in the numerical analysis using the formulae (1)-(9) are taken
∆ε1 = 2 µm,  ∆ε2 = 2 µm, ∆ε3 = 2 µm.

Table 1. Parameters in numerical analysis of pressure for normal elliptical hip joint
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a
[cm]

b
[cm]

ω
[1/s]

η
[Pas]

pmax

[Pa]
εmin

[µm]
Ctot

[N]
S

[cm2]
σ = Ctot/S
[N/cm2]

2,5 1,02a = 2,5500,75 0,2 2,026·106 3 916 18,627 49,1759
2,5 1,03a = 2,5750,75 0,2 2,012·106 3 927 18,872 49,1203

Fig. 4 2,5 1,04a = 2,6000,75 0,2 1,981·106 3 937 19,119 49,0088
Fig. 5 2,5 1,05a = 2,6250,75 0,2 1,998·106 3 945 19,368 48,7918

The results of pressure for normal elliptical hip joint are shown on
Fig. 4–5.

Table 2. Parameters in analysis of pressure for pathological elliptical hip joint

a
[cm]

b
 [cm]

ω
[1/s]

η
[Pas]

pmax

[Pa]
εmin

[µm]
Ctot

[N]
S

[cm2]
σ = Ctot/S
[N/cm2]

2,4 1,02a = 2,448 0,25 0,25 1,504·106 1 436 17,167 25,3975
2,4 1,03a = 2,472 0,25 0,25 1,480·106 1 439 17,393 25,2400

Fig.6 2,4 1,04a = 2,496 0,25 0,25 1,457·106 1 441 17,621 25,0269
Fig.7 2,4 1,05a = 2,520 0,25 0,25 1,433·106 1 443 17,849 24,8193

The results of pressure for pathological elliptical hip joint are shown
on Fig. 6-7.

a=0.025[m]
b=1.04·a
ω=0.75[1/s]
η=0.2 [Pas]
pmax=1.998·106 [Pa]
εmin=3 [µm]
Ctot=937 [N]
Lubrication surface =19.119 [cm2]
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Fig.  4. Pressure distribution for normal elliptical hip joint: a = 0,025; b = 1,04a [m]
Rys. 4. 5R]NáDG FL�QLHQLD GOD ]GURZHJR HOLSW\F]QHJR VWDZX ELRGURZHJR� D  ������

b = 1,04a [m]
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a=0.025[m]
b=1.05·a
ω=0.75[1/s]
η=0.2 [Pas]
pmax=1.981·106 [Pa]
εmin=3 [µm]
Ctot=945 [N]
Lubrication surface =19.368 [cm2]
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Fig.  5. Pressure distribution for normal elliptical hip joint: a = 0,025; b = 1,05a [m]
5\V� �� 5R]NáDG FL�QLHQLD GOD ]GURZHJR HOLSW\F]QHJR VWDZX ELRGURZHJR� D  ������

b = 1,05a [m]

a=0.024[m]
b=1.04·a
ω=0.25[1/s]
η=0.05 [Pas]
pmax=1. 457·106 [Pa]
εmin=1 [µm]
Ctot=441 [N]
Lubrication surface =17.621 [cm2]
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Fig.  6. Pressure distribution for pathological elliptical hip joint: a = 0,024;
b = 1,04a [m]

Rys. 6. 5R]NáDG FL�QLHQLD GOD SDWRORJLF]QHJR HOLSW\F]QHJR VWDZX ELRGURZHJR� a = 0,024;
b = 1,04a [m]
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a=0.024[m]
b=1.05·a
ω=0.25[1/s]
η=0.05 [Pas]
pmax=1.433·106 [Pa]
εmin=1 [µm]
Ctot=443 [N]
Lubrication surface =17.849 [cm2]
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Fig. 7. Pressure distribution for pathological elliptical hip joint: a = 0,024;
b = 1,05a [m]

Rys.7. 5R]NáDG FL�QLHQLD GOD SDWRORJLF]QHJR HOLSW\F]QHJR VWDZX ELRGURZHJR� a = 0,024;
b = 1,05a [m]

CONCLUSIONS
1. The analytical and numerical model of lubrication problem for human

hip joint with elliptical co-operating surfaces allows to make the
analysis of pressure, carrying capacity and compressive stresses.

2. For normal elliptical hip joint with based parameters a = 2,5 [cm],
2,550 [cm]<b<2,625 [cm], ω = 0,75 [1/s], η = 0,2 [Pa⋅s], εmin = 3 [µm]
obtained in the numerical analysis the following values for pressure
from 2,026⋅106[Pa] to 1,998⋅106 [Pa], for total carrying capacity –
from 916 [N] to 945 [N], for surface area from 18,627 [cm2] to
19,368 [cm2] and compressive stresses – from 49,1759 [N/cm2] to
48,7918 [N/cm2].

3. For pathological elliptical hip joint with based parameters a = 2,4 [cm],
2,448 [cm]<b<2,520 [cm], ω = 0,25 [1/s], η = 0,25 [Pa⋅s], εmin  =  1 [µm]
obtained in the numerical analysis the following values for pressure
from 1,504⋅106[Pa] to 1,433⋅106[Pa], for total carrying capacity –
from 436 [N] to 443 [N], for surface area from 17,167 [cm2] to
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17,849 [cm2] and compressive stresses – from 25,3975 [N/cm2] to
24,8193 [N/cm2].

4. The pressure, carrying capacity forces and compressive stresses val-
ues obtained for normal elliptical hip joint are smaller in compare
with pressure, carrying capacity and compressive stresses values for
pathological hip joint.
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Streszczenie

=�ZLHOROHWQLFK�EDGD��L�REVHUZDFML�NOLQLF]Q\FK�Z\QLND��*H�JáRZD�VWa-
ZX�ELRGURZHJR�F]áRZLHND�PD�UDF]HM�NV]WDáW�HOLSVRLGDOQ\�QL*�VIHU\Fz-
ny. Fakt ten uzasadnia stosowanie endoprotez tego stawu o zarysie
JáRZ\� HOLSVRLGDOQ\P�� MHGQDN� SRG� ZDUXQNLHP� ]DFKRZDQLD� ZáDVQHM
panewki (acetabulum). 6WRVRZDQLH�WDNLFK�SURWH]�UR]SRF]�á�&DWKFDUW
MX*�Z������URNX�>�@�>��@�

:� SUDF\� ]RVWDá\� REOLF]RQH� SDUDPHWU\� SUDF\� VWDZX� ELRGURZHJR
F]áRZLHND� R� HOLSW\F]Q\P� ]DU\VLH� ZVSyáSUDFXM�F\FK� SRZLHU]FKQL��:
PRGHOX� DQDOLW\F]QR� SU]\M
WR� L]RWHUPLF]Q\�� VWDFMRQDUQ\� L� RVLRZR�
QLHV\PHWU\F]Q\� SU]HSá\Z� FLHF]\� V\QRZLDOQHM� R� QLHQHZWRQRZVNLFK
ZáDVQR�FLDFK�� 3R� RV]DFRZDQLX� UyZQD�� SRGVWDZRZ\FK� RWU]\PDQR
XSURV]F]RQ\� XNáDG� UyZQD�� Uy*QLF]NRZ\FK� F]�VWNRZ\FK�� ]� NWyUHJR
X]\VNDQR�UyZQDQLH�5H\QROGVD�Z\]QDF]DM�FH�FL�QLHQLH��5yZQDQLH� WR
]RVWDáR� UR]ZL�]DQH� QXPHU\F]QLH��:� K\GURG\QDPLF]Q\P� SUREOHPLH
VPDURZDQLD� VWDZX� ELRGURZHJR� Z\]QDF]RQR� ZDUWR�ü� PDNV\PDOQD
FL�QLHQLD��ZDUWR�ü�QDSU
*HQLD��ZDUWR�ü�VLá\�QR�QHM�

Dla stawu normalnego przy parametrach: a=2,5 cm i 2,550 < b <
2,625 cm, ω=0,75 1/s, η=0,2 Pa⋅s, εmin=3 µP�X]\VNDQR�ZDUWR�ü�FL�QLe-
nia od 2,026⋅106 do 1,998⋅106 3D��VLá\�QR�QHM�±�RG�����GR�����1��Qa-
SU
*H��±�RG���������GR���������1�FP2 przy powierzchni od 18,627 do
19,368 cm2.

Natomiast dla stawu chorego (osteoartrotycznego) przy parame-
trach: a=2,4 cm i 2,448 < b < 2,520 cm, ω=0,25 1/s, η=0,25 Pa⋅s,
εmin=1 µP�X]\VNDQR�ZDUWR�ü� FL�QLHQLD� RG������⋅106 do 1,433⋅106 Pa,
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VLá\� QR�QHM� ±� RG� ���� GR� ���� 1�� QDSU
*H�� ±� RG� �������� GR� �������
N/cm2 przy powierzchni od 17,167 do 17,849 cm2.

:\QLNL�WH�PRJ��SU]\F]\QLü�VL
�GR�OHSV]HM�GLDJQRVW\NL�L�WHUDSLL�Rr-
topedycznej ludzkiego stawu biodrowego oraz jego protez.
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